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Abstract
In this paper we study the concepts of Z-Cauchy and Z*-Cauchy for dou-
ble sequences in a linear metric space. Also, we give the relation between
Z-convergence and Z*-convergence of double sequences of functions defined be-
tween linear metric spaces.
Keywords: Double sequence, ideal, Z-Cauchy, I-convergence.

1 Introduction

The concept of convergence of a sequence of real numbers has been extended
to statistical convergence independently by Fast [7] and Schoenberg [25]. A
lot of developments have been made in this area after the works of Salat [23]
and Fridy [10, 11]. In general, statistically convergent sequences satisfy many
of the properties of ordinary convergent sequences in metric spaces [7, 10, 11,
22]. This concept was extended to the double sequences by Mursaleen and
Edely [18]. Cakan and Altay [3] presented multidimensional analogues of the
results of Fridy and Orhan [12]. They introduced the concepts of statistically
boundedness, statistical inferior and statistical superior of double sequences. In
addition to these results they investigated statistical core for double sequences
and studied an inequality related to the statistical core and P-core of bounded
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double sequences. Furthermore, Gékhan et al. [14] introduced the notion of
pointwise and uniform statistical convergent of double sequences of real-valued
functions.

The idea of Z-convergence was introduced by Kostyrko et al. [15] as a
generalization of statistical convergence which is based on the structure of the
ideal Z of subsets of the set of natural numbers. Nuray and Ruckle [20] inde-
pendently introduced the same concept as the name generalized statistical con-
vergence. Kostyrko et al. [16] gave some of basic properties of Z-convergence
and dealt with extremal Z-limit points. Das et al. [4] introduced the con-
cept of Z-convergence of double sequences in a metric space and studied some
properties of this convergence. Also, Das and Malik [5] defined the concept of
Z-limit points, Z-cluster points, Z-limit superior and Z-limit inferior of double
sequences.

Nabiev et al. [19] proved a decomposition theorem for Z-convergent se-
quences and introduced the notions of Z-Cauchy sequence and Z*-Cauchy se-
quence, and then studied their certain properties. Balcerzak et al. [2] discussed
various kinds of statistical convergence and Z-convergence for sequences of real
valued functions or for sequences of functions into a metric space. For real
valued measurable functions defined on a measure space (X, 9, i), they ob-
tained a statistical version of the Egorov theorem (when p(X) < 00). They
showed that, in its assertion, equi-statistical convergence on a big set cannot be
replaced by uniform statistical convergence. Also, they considered statistical
convergence in measure and Z-convergence in measure, with some consequences
of the Riesz theorem. Gezer and Karakus [13] investigated Z-pointwise and
uniform convergence and Z*-pointwise and uniform convergence of function
sequences and then they examined the relation between them. A lot of devel-
opments have been made in this area after the works of [2, 6, 8, 17, 24, 26].

In this paper first we investigate some properties of Z-Cauchy, Z*-Cauchy of
double sequences in a linear metric space with property (AP2). Next we prove
two theorems of Z-convergent, Z*-convergent of double sequences of functions
on metric space with property (AP2).

2 Definitions and Notations

Throughout the paper by N and R, we denote the sets of all positive integers
and real numbers, and x4 is the the characteristic function of A C N.
Now, we recall some concepts of the sequences (See [4, 7, 14, 15, 18, 21, 24]).
A subset A of N is said to have asymptotic density d(A) if

A(A) = lim =5 xa(h).

n—oo M
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A sequence x = (z,)nen Of real numbers is said to be statistically con-
vergent to L € R if for any ¢ > 0 we have d(A(e)) = 0, where A(e) =
{neN: |z, - L| > e}

A double sequence & = (Zyn)m.nen of real numbers is said to be convergent
to L € R in Pringsheim’s sense if for any € > 0, there exists N. € N such that
|Tmn — L| < &, whenever m,n > N.. In this case we write

lim =z,,, = L.
m,n—00

A double sequence & = (% )m nen of real numbers is said to be bounded if
there exists a positive real number M such that |z,,,| < M, for all m,n € N.

Let K C N x N. Let K,,, be the number of (j,k) € K such that j < m,
k < n. If the sequence {%} has a limit in Pringsheim’s sense then we say
that K has double natural density and is denoted by

m,n—oo M. TN

A double sequence & = (Zyny )m nen Of real numbers is said to be statistically
convergent to L € R, if for any € > 0 we have dy(A(g)) = 0, where A(e) =
{(m,n) e Nx N : |z, — L| > ¢}.

A double sequence of functions { f,., } is said to be pointwise convergent to
f onaset S CR, if for each point x € S and for each € > 0, there exists a
positive integer N(z,¢) such that

| frn(2) — f(2)] <,

for all m,n > N. We write

m,n—00

on S.
A double sequence of functions {f,.,} is said to be pointwise statistically
convergent to f on a set S C R, if for every € > 0,

lim ——{(5,/),i <m and j <n:|fy(@) — f@2)] > e} =0,

m,n—o0 MM

for each (fixed) = € S, i.e., for each (fixed) z € S,

|fis(2) = f(2)| <&, a.a. (7).

We write
st — lim fmn(x) = f(x) or fmn —7st f:

m,n— 00

on S.
Let X # (). A class Z of subsets of X is said to be an ideal in X provided
the following statements hold:
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(i) 0 e
(ii) A, B € Z implies AUB € 7.
(ii) AeZ, B C Aimplies B € T.

7 is called a nontrivial ideal if X ¢ 7.
Let X # (). A non empty class F of subsets of X is said to be a filter in X
provided the following statements hold:

(i) 0 ¢ F.
(ii) A, B € F implies AN B € F.
(i) Ae F, AC Bimplies B € F.
If 7 is a nontrivial ideal in X, X # (), then the class
FI)={McCcX:(3Ae)(M=X\A)}

is a filter on X, called the filter associated with Z.

A nontrivial ideal Z in X is called admissible if {x} € T for each x € X.

Throughout the paper we take Z, as a nontrivial admissible ideal in N x N.

A nontrivial ideal Zy of N x N is called strongly admissible if {i} x N and
N x {i} belong to Z, for each i € N.

It is evident that a strongly admissible ideal is also admissible.

Let Z) = {A C Nx N: (3m(A) € N)(i,5 > m(A) = (i,7) € A)}. Then
79 is a nontrivial strongly admissible ideal and clearly an ideal Z, is strongly
admissible if and only if Z) C Z,.

In this study we consider the Z, and Z;-convergence of double sequences in
the more general structure of a metric space (X, p). Unless stated otherwise
we shall denote the metric space (X, p) in short by X.

Let (X, p) be a linear metric space and Z, C 28N be a strongly admissible
ideal. A double sequence = = (Zyn)mnen Of elements of X is said to be Z,-
convergent to L € X, if for any € > 0 we have

A(e) ={(m,n) e NXN: p(xyn, L) > €} € L.
In this case we say that x is Zy-convergent and we write

Iy — lim =z, = L.
m,n—00

If Z, is a strongly admissible ideal on N x N, then usual convergence implies
Ir-convergence.
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Let (X, p) be a linear metric space and Z, C 2N be a strongly admissible
ideal. A double sequence & = (% )mnen Of elements of X is said to be Z;-
convergent to L € X, if there exists a set M € F(Zy) (i.e., N x N\M € Iy)
such that

lim z,,, =L,
m,n—00

for (m,n) € M and we write

Z; — lim =z, = L.
m,n—00

Let (X, p) be a linear metric space and Z, C 2N be a strongly admissible
ideal. A double sequence = = (Zyn)mnen Of elements of X is said to be Z,-
Cauchy if for every € > 0 there exist s = s(¢),t = t(¢) € N such that

A(e) ={(m,n) e NX N: p(zpn, ) > €} € L.

We say that an admissible ideal Z, C 2N satisfies the property (AP2), if
for every countable family of mutually disjoint sets {A;, As, ...} belonging to
T, there exists a countable family of sets { By, Bs, ...} such that A;AB; € 79,
i.e., A;ADB; is included in the finite union of rows and columns in N x N for
each j € Nand B = J;Z, Bj € I, (hence B; € T, for each j € N).

Now we begin with quoting the lemmas due to Das et al. [4] which are
needed in the proof of theorems.

Lemma 2.1 [4, Theorem 1], Let T, C 2N be a strongly admissible ideal.
If %9 — limy, ys00 Tmn = L then Ty — limyy, p—y00 Tyn = L.

Lemma 2.2 [/, Theorem 3/, If 5 is an admissible ideal of N x N having the
property (AP2) and (X, p) is an arbitrary metric space, then for an arbitrary
double sequence = (Tpmn)mnen 1 X

I, — lim x,, = L implies Z;, — lm ., = L
m,n—00 m,n— 00

3 1, and Z;-Cauchy Of Double Sequences

Definition 3.1 ([9]) Let (X, p) be a linear metric space and Iy C 2N pe
a strongly admissible ideal. A double sequence x = (Tp,,) in X is said to be
Z5-Cauchy sequence if there exists a set M € F(Iy) (i.e., H=NxN\M € Z,)
such that for every e > 0 and for (m,n), (s,t) € M, m,n,s,t > ko = ko(e)

p(xmnwrst) <E.
In this case we write

lim  p(pm, xst) = 0.
m,n,s,t—00
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Lemma 3.2 ([9]) Let (X,p) be a linear metric space and Iy, C 28N be qa
stronly admissible ideal. If v = (py,) in X is an Z;-Cauchy sequence then it
1s Iy-Cauchy.

Theorem 3.3 Let {P;}°, be a countable collection of subsets of N x N
such that {P;}°, € F(Iy) for each i, where F(Zs) is a filter associate with a

strongly admissible ideal Iy with the property (AP2). Then there exists a set
P C N x N such that P € F(Z;) and the set P\P; is finite for all i.

Proof. Let Al =N x N\Ph Am = (N X N\Pm)\(Al U A2 U...u Am—l)y
(m=2,3,...). It is easy to see that A; € 7, for each i and A; N A; = (), when
i # 7. Then by (AP2) property of Z, we conclude that there exists a countable
family of sets {Bj, B, ...} such that A;AB; € 77, i.e., A;AB; is included in
finite union of rows and columns in N x N for each j and B = U;; B; € 1.
Put P =N x N\B. It is clear that P € F(Z) .

Now we prove that the set P\P; is finite for each i. Assume that there
exists a jo € N such that P\P;, has infinitely many elements. Since each
A;AB; (j = 1,2,3,..., jo) are included in finite union of rows and columns,
there exists mg, ng € N such that

(U Bj)mcmono = (U AJ) r\|C(m0n0’ (1)

where Chpny, = {(m,n) : m > mog An > ne}. If m > mg An > ny and
(m,n) € B, then

and so by (1)
(m,n) & U A;.

Since Ajo = (N X N\Pjo)\UjO:_ll Aj and <m7n> ¢ Ajov (mvn) ¢ Uzoz_ll Aj we
have (m,n) € P;, for m > mgAn > ng. Therefore, for all m > mgAn > ng we
get (m,n) € P and (m,n) € Pj,. This shows that the set P\P;, has a finite
number of elements. This contradicts our assumption that the set P\ P;, is an

infinite set.

Theorem 3.4 Let (X, p) be a linear metric space. If T, C 2"N is a strongly
admissible ideal with the property (AP2) then the concepts Iy-Cauchy double
sequence and I3 -Cauchy double sequence coincide.
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Proof. If a double sequence is Z;-Cauchy, then it is Z,-Cauchy by Lemma
3.2, where Z, need not have the property (AP2).

Now it is sufficient to prove that a double sequence x = (z,,,) in X is a
Z;-Cauchy double sequence under assumption that it is an Z;-Cauchy double
sequence. Let z = (z,,,) in X be an Z,-Cauchy double sequence. Then, there
exists s = s(¢),t = t(¢) € N such that

A(e) = {(m,n) € N X N: p(2yn, Tst) > €} € Iy, for every e > 0.

Let

1
P, = {(m,n) € NXN: p(pn, Tsp,) < —,}; (1=1,2,...),
i
where s; = s(1\7),t; = t(1\7). It is clear that P, € F(Z), (i =1,2,...). Since
7, has the property (AP2), then by Theorem 3.3 there exists a set P C Nx N
such that P € F(Z,), and P\P,; is finite for all i. Now we show that

lim  p(zmn, xst) = 0,
m,n,s,t—0o0

for (m,n), (s,t) € P. To prove this, let € > 0 and j € N such that j > 2/e. If
( ,(s,t) € P then P\P, is a finite set, so there exists k& = k(j) such that

m,n), (
(m,n), (s, t) € P; for all m,n,s,t > k(j). Therefore,

t
t

1 1
p(a:mnaxsiti) < - and p(ﬂfst’xsiti) < -,
J J

for all m,n,s,t > k(j). Hence it follows that

1 1 2
p(Imna xst) S p(xmrw Isiti) + P(xst; Isiti) < 3 + ; - ; < g,

for all n,m, s,t > k(j). Thus, for any € > 0 there exists k = k(e) such that for
m,n,s,t > k(¢) and (m,n), (s,t) € P

P T, Tst) < €.

This shows that the sequence (x,,,) is an Z;-Cauchy sequence.

4 7, And Z;-Convergence For Double Sequences
Of Functions.

Definition 4.1 Let Z, C 2N be a strongly admissible ideal, (X, d,) and
(Y, d,) two linear metric spaces, fnn : X =Y a double sequence of functions
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and f: X =Y. A double sequence of functions {fmn} is said to be pointwise
Is-convergent to f on X, if for every e > 0

{(m,n) e NXN:dy(fmn(z) = f(z)) 2 €} € Iy,
for each x € X. This can be written by the formula
(Ve e X) (Ve >0) (3H € Iy) (V(m,n) & H) dy(fmn(z) — f(2)) <e.
This convergence can be showed by
fmn =1, [ (pointwise).

The function f is called the double Iy-limit function of the sequence { fin}-

A double sequence of functions { f,., } is said to be pointwise Z;- convergent
to f on X if there exists a set M € F(Z,) (i.e., H =N xN\M € Z,) such that

lim fmn<x) = f($)7

m,n—00

for (m,n) € M and for each z € X and we write

I; — lim fmn = f or fmn —)1'; f
n—00

m,

Theorem 4.2 Let Z, C 2"*N be a strongly admissible ideal having the prop-
erty (AP2), (X,d,) and (Y,d,) two linear metric spaces, fm, : X — Y a double
sequence of functions and f : X — Y. If { fin} double sequence of functions is
ZIy-convergent then it is I -convergent.

Proof. Let Z, satisfy the property (AP2) and Zy — lim,, 500 frun () = f(2)
for each x € X. Then for any € > 0

A(e) ={(m,n) € Nx N :dy(frn(z), f(x)) > e} € I,
for each x € X. Now put
Ay ={(m,n) e Nx N:d,(frn(x), f(x)) > 1}

and

k—1

| =

Ap = {(m,n) ENXN: = <dy(fn(x), f(x)) < ;},

for k > 2. It is clear that A; N A; = () for i # j and A; € T, for each i € N.
By virtue of (AP2) there exists a sequence { By }ren of sets such that A; A B;
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is included in finite union of rows and columns in N x N for each 7 € N and
We shall prove that

lim fmn(m) = f(l’),

m,n—00
(m,n)eM

for M = N x N\B € F(Zy). Let § > 0 be given. Choose k € N such that
% < 0. Then, we have

{(m,n) € Nx N : dy(frn(x), f(z)) >} C U Aj.

Since A; A Bj, j = 1,2,..., k, are included in finite union of rows and columns,
there exists ng € N such that

(QB]-> N {(m,n) :m >ngAn>ng}

= (OAj)ﬂ{(m,n):mZno/\nZno}~

j=1
If m,n > mng and (m,n) € B then

k k

(m,n) & U B; and so (m,n) ¢ UAj‘

j=1 j=1
Thus we have dy(fmn(z), f(z)) < £ < 4, for each z € X. This implies that

lim fmn(x) = f(x)a

m,n—00
(m,n)eM

for each x € X.
For the converse we have the following theorem.

Theorem 4.3 Let I, C 2N be a strongly admissible ideal, (X,d,) and
(Y,d,) two linear metric spaces, fmn : X — Y a double sequence of functions
and f: X =Y. IfY has at least one accumulation point and

Iy — lim fn(z) = f(z) implies I; — lim frn(z) = f(2),

m,n—00 m,n—00

for each x € X, then Iy has the property (AP2) on N x N.
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Proof. Suppose that f(z) is an accumulation point of Y for x € X. There
exists a sequence (hy)ren of distinct functions on X such that hy # f for
any k € N, f(z) = limy_,o hi(x) and the sequence {d,(hi(x), f(2))}ren is a
decreasing sequence converging to zero for each x € X. We define

gr(x) = dy(hi(2), f(2)),

for k € N and for each x € X. Let {4;},en be a disjoint family of nonempty
sets from Z,. Define a sequence { f,,,} in the following way:

(1) fon(x) = h;(z) if (m,n) € A; and

(i) fun(z) = f(2) if (m.n) & A,.
for any j and for each x € X.

Let § > 0 be given. Choose k € N such that gx(z) < 6, for each z € X.
Then we have

A(6) = {(m,n) € NX N :dy(frmn(), f(z)) >} CALUAU---U A
and so A(0) € Z,. This implies
Ty — lim  foa(x) = f(2),

m,n—00

for each x € X. By virtue of our assumption, we have

7, - lyllriloofmn(aj) = f(x)a

m

for each x € X. Hence there exists a set M = N x N\B € F(Z,), (B € 1)
such that

(m,n)eM

for each € X. Let B; = A; N B for each j € N. So we have B; € 7, and

OBj:BﬂGAjCBandSO GBJ’EIQ,
j=1

7j=1 7j=1

for each j € N. If A; N M is not included in the finite union of rows and
columns in N x N for fix j € N, then M must contain an infinite sequence of
elements {(my, ng)} where both my, ny — oo and

Sy, () = hj(x) # [(2),

for all £ € N and for each x € X, which contradicts (2). Hence A; N M must
be contained in the finite union of rows and columns in N x N. Thus

is also included in the finite union of rows and columns. This proves that the
ideal Z, has the property (AP2).
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